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Abstract 
The energy hub is an essential concept for coordinating 
multiple distributed energy resources at the local level in 
future sustainable networks. However, the increasing 
penetration of renewable generations bring severe uncertainty 
to the energy hub modelling and dispatch. This paper 
resolves the optimal operation of energy hubs with notable 
amount of uncertain renewable energy resources, aiming to 
reduce the network investment by exploiting the potential of 
dynamic thermal rating (DTR) methodology for 
interconnection branches. It will first model the generation 
and demand uncertainties within the energy hubs that are 
weather dependent (i.e. wind, solar, temperature). The DTR 
model is developed based on real-time weather measurement 
across a year. Then, a chance-constrained optimal power flow 
is proposed to fully consider both the positive and negative 
impact of weather uncertainties on the energy transmission 
between adjacent energy hubs. The problem is formulated as 
a multi-period stochastic problem with the objective to 
minimize the total generation cost of an interconnected 
energy hub system. The proposed stochastic problem is 
transformed into an equivalent deterministic problem with the 
chance constraint translating to deterministic constraint by 
adopting the Cornish-Fisher expansion method. The 
developed model is extensively illustrated on a three-hub 
system with the interior-point method, and it also 
demonstrates that the proposed method has the ability to 
significantly improve the efficiency for multi energy 
integration at the lowest costs. 
1 Introduction 
Nowadays, the widespread of the energy hub with renewable 
generations in the future power system has become a 
worldwide consensus. However, the ever-increasing 
penetration of renewable generation in energy hub also 
seriously increases the system operation cost due to its 
internal uncertainty and volatility. Meanwhile, the utilization 
of renewable energy is also subject to the insufficient 
transmission capacity, especially during the peak generation 
or the peak demand period, which could result a significant 
increase on reserved generation capacity and energy waste of 
renewable generation [1].  
In conventional network study, the impact of stochastic 
weather condition is only considered as a negative factor for 
renewable generators in conventional optimal power flow 
(OPF) analysis, and the capacity rating of transmission line 
are normally designed to be conservative for satisfying the 
energy supply security requirement. For example, the current 
mainstream Static thermal rating (STR) is based on the static 
worst-case assumption of the environmental condition [2-6], 
and therefore, the positive impact of weather variable (wind, 
solar, temperature) on the transmission components is 
neglected to ensure the robustness of dispatch solution. 
However, the fluctuation of weather condition could have a 
favorable relationship to the system operation. For example, 
the rise of wind speed not only increases the generation of 
wind turbine, but also cools down the transmission line, 
which means the capacity of local transmission network is 
temporary increased while the wind generation rises [7]. 
DTR is a dynamic rating methodology which is designed for 
evaluating the favorable relationship between the transient 
transmission line capacity and various environmental 
conditions. Different with STR, the establishment of DTR 
model is based on the real-time or quasi-real-time weather 
data rather than adopting overall worst-case assumption, and 
thus, DTR has a better performance on improving the 
utilization percentage of line capacity or ensuring network 
security under extreme weather condition. Benefited from the 
installation of real-time monitoring system in modern power 
network, many researchers start to explore the favourable 
impact of various environment variables (i.e. wind, solar, 
temperature) on future energy hub system with large level of 
renewable penetrations. In [8], a wind-based OPF study 
integrated with DTR technology is proposed to evaluate the 
performance of wind-based dynamic transmission line 
resistance on the system with a large wind farm. In [9], the 
risk of DTR methodology on OPF study is analysed with 
distributionally robust approach and it proves that DTR has 
the ability to hedge against the uncertainty of wind generation 
output. 
Moreover, the accuracy of DTR rating system is also 
increasing with the development of forecasting technology. 
In [10], a comprehensive day-ahead DTR forecasting system 
based on Support Vector Regression (SVR) is proposed, the 
thermal model for the transmission line (or cable) is also 
refined to be more suitable for DTR calculation.  
The above works significantly contributes in introducing the 
DTR into the uncertainty analysis of stochastic OPF problem. 
However, current DTR applications on OPF study are more 
focus on the uncertainty of wind energy, while the 
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uncertainty of solar irradiation and environmental 
temperature are normally neglected.  
Differently, this paper fully summarises the uncertainties of 
wind, solar and temperature on the transmission components 
in the energy hub system based on the DTR methodology. 
Second, this work contributes to integrate “renewable 
uncertainty” back into “weather uncertainty”, and further 
develops specific inequality chance constraints for the 
implementation of DTR in the OPF study. Thereafter, this 
work also contributes to unite the uncertainty analysis in the 
DTR calculation and OPF problem within a chance-
constrained optimization study, and employ the Cornish-
Fisher expansion to convert the stochastic chance-constrained 
problem into deterministic analysis. Last, the new DTR-based 
chanced-constrained OPF analysis is then illustrated the 
Weather-based Chance-Constrained OPF with Cornish-Fisher 
expansion on a three-hub system model to quantify its 
performance. 
This paper is organized in 5 sections, Section II illustrates the 
formulation of the DTR system and the impact of weather 
coefficients on the thermal rating of the transmission 
components, Section III presents the problem formulation 
and methodology of the implementing the DTR for the 
optimization of the multi-energy hub system, Section IV 
analyses the case study and the optimization result of the 
multi-energy hub system, and Section V concludes the paper. 
2. Methodology 
This section illustrates the mathematical foundation of 
DTR model and the impact of various weather coefficients on 
the transmission network. The “dynamic overloading 
percentage” is then proposed as the prior distribution for the 
dynamic line rating in the OPF study. Besides, this work 
adopts Weibull distribution and Beta distribution to generate 
the probability distribution functions (PDF) of wind speed 
and solar irradiance respectively. 
2.1 Heat Balance Equations 
In the steady-state condition, the transmission conductor is 
under the thermal balance between heat gain and heat loss. 
Based on [11], the thermal field of transmission conductor 
can be divided into four individual heat exchange processes, 
which are joule heat gain, solar heat gain, convection heat 
loss and radiated heat loss. Thus, the thermal field of the 
transmission line is formulated as indicated (1),  
      (1) 
where  and  are the rate of convection heat loss 
(including forced convection and natural convection) and 
radiated heat loss,  is the rate of solar heat gain and  is 
the rate of joule heat gain of the conductor itself,  is the 
electric current flow through the transmission line,  is the 
conductor resistance in per unit length at temperature . And 
therefore, the dynamic thermal rating of the transmission line 
could be formulated with (2) from (1) in terms of the 
maximum allowance temperature of the transmission 
conductor, 
                                                    (2) 
Where  is the dynamic thermal rating,  are 
the conductor resistance in per unit length at maximum 
allowance temperature . 
2.2 Weather coefficient 
As stated in section 1, the DTR methodology applies the 
real-time weather condition instead of using the worst-case 
assumption of the STR standard. Thus, the environmental 
variables become the key components in the line rating 
calculation process. Generally, there are three main weather 
coefficients which have significant impacts on the thermal 
rating calculation for the transmission line, and the related 
heat functions are shown below [11]: 
Wind, represented by wind speed and wind angle, is the 
deterministic component for calculating the convection heat 
loss of the transmission conductor. As shown in (4), the rate 
of convection heat loss is proportional to the wind speed, 
while the wind angle is served as the correction factor for the 
wind speed component.  
Solar irradiance determines the rate of solar heat gain in 
the thermal balance equation of the transmission line. Its 
impact is significant to the transmission line when the current 
or wind speed is low, and the rate of solar heat gain is shown 
in (3). 
Ambient temperature: As shown in (4) and (5), 
temperature affects both the rate of the convection heat loss 
and radiated heat loss, and thus it is the most important 
variable for DTR system.  
 
(3) 
 
 
(4) 
 
 (5) 
Where,  is the solar absorptivity of transmission line,  is 
the project area of the line conductor and  is the outer 
diameter of the transmission line,  is the wind direction 
factor,  is the thermal conductivity of air,  and  is the 
conductor temperature and ambient temperature respectively, 
 is the emissivity coefficient of the transmission line. 
2.3 Dynamic overloading percentage 
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The DTR methodology is adopted in this paper to describe 
the transmission uncertainty in the power system analysis, 
and thus, the dynamic overloading (or restriction) percentage 
is proposed in the OPF analysis to improve the utilization 
efficiency of the transmission line. The dynamic overloading 
rating  in this work is defined as following 
 
(6) 
In other words, the dynamic overloading percentage restrict 
the transmission overloading within a safety domain, and 
thereafter this work also used chance-constraints to regulate 
the uncertainty of the weather coefficient in the DTR 
calculation and avoid the potential risk of this dynamic 
schedule. 
3 Problem Formulation and Methodology 
In the modern OPF analysis, the renewable generation is no 
longer assumed as a series of accurately predicted values, and 
its uncertainty is normally considered as a key issue for 
providing reliable optimal dispatch solution for the future 
network with large penetration of renewable energy [12]. 
With the measuring probabilistic distribution of certain 
“renewable uncertainty”, chance-constrained optimization 
has the ability to reduce the negative impact of uncertain 
renewable generations. The impact of weather uncertainty in 
the generation and transmission component is restricted by 
chance constraints and formulated in this section. In addition, 
the Cornish-Fisher expansion is also introduced and applied 
in the conversion of chance constraints to deterministic 
constraints.  
3.1 OPF adjustment 
As stated in section 2, this paper investigates the weather 
impact on transmission components in the OPF analysis with 
the introduction of “weather uncertainty”. Thus, to fully 
analyses the weather uncertainty in the generation and 
transmission component, the following adjustments are made 
for OPF study, 
a) Additional PDFs for weather coefficients (including 
temperature, wind and solar) are generated from 
historical data 
b) Additional inequality constraints for improving line 
rating with DTR system is added based on the thermal 
balance equation 
c) Dynamic overloading or restriction rating for 
transmission line is calculated by DTR in real-time (or 
each time step) 
d) The confidence levels of DTR and renewable generator 
are also pre-defined for the initialization of chance-
constrained optimization approach. 
3.2 Weather-based chance-constrain OPF formulation 
The case study of this paper is demonstrated based on a three-
bus interconnected system as shown in Fig. 1. This system is 
supported by generation , solar generation  connected 
with the bus 1 and generation , wind farm  connected 
with the bus 2. Two storage systems are connected to bus 1 
and bus 2 respectively to cover the overgeneration of 
renewable generators while also reducing the energy burden 
during peak time. 
 
Fig 1. A three-bus testing network model 
The object of the case study is to minimize the total system 
cost by optimizing the power flow between buses and power 
outputs from G1 and G2 while considering uncertain 
renewable generations and the limitation of DTR. The control 
vector  for bus  in time slope t is shown below: 
 
(7) 
 
(8) 
 
(9) 
 
(10) 
 
(11) 
 
(12) 
 
(13) 
 
(14) 
 
(15) 
The objective function (8) targets to minimize the total 
generation cost of the system based on the quadratic cost 
function. The equality constraint (9) indicates the network 
balance between energy supply and demand. Inequality 
constraints (10) indicate the state of charge limit, while (11) 
and (12) indicate the charging and discharging limit for the 
storage system. Equation (13) shows the voltage limit of each 
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buses. Equation (14) and (15) represent the lower and upper 
generation limit for conventional generators ( and ). In 
addition to the equality and inequality constraints, the 
formulation of thermal-based chance constraint is proposed at 
the following section in detail. 
3.3 Chance constraints and Cornish-Fisher expansion 
Traditional OPF study normally adopts the overall STR value 
for transmission lines in its network model as (16), which 
means the uncertainty of transmission ability are normally 
ignored. To reflect the weather impact on transmission 
capacity, the conventional STR-based transmission constraint 
is transfer into a heat-based chance constraint by heat balance 
equation (1). The transfer process is shown below, 
 
(16) 
 
(17) 
 
(18) 
The transmission chance constraint (16) is transferred to (17) 
and (18) thought the Ohm's Law and heat balance equation 
indicated in (1). As seen, the transferred transmission chance 
constraint is no longer indicated by power flow, but regulated 
by the real-time heat gain and heat loss. As stated in section 
2.2, the Cornish-Fisher expansion is then applied on the 
thermal-based transmission chance constraint to transform 
the stochastic problem into an equivalent deterministic 
problem as follows [13], 
 
(19) 
 
 
 
 
(20) 
Where  is the quantile function, which is expressed with 
five orders of cumulants in (20),  is the quantile of a 
standard normal distribution with probabilistic level ,  
indicates the cumulant with order . The left-hand side of 
chance constraint (18) can therefore be accordingly translated 
into deterministic value through (19) and (20). 
4 Case study 
The primary object of integrating DTR into the OPF analysis 
is to unleash the potential transmission capacity which have 
been limited by the conventional STR, and therefore enhance 
the utilization level of renewable energy while also reduce 
the operation cost of multi-hub system. Through 
summarizing the renewable generation uncertainties and 
transmission uncertainty into the “weather uncertainties”, this 
paper integrates different inequality constraints in the multi-
hub OPF analysis into weather-based heat balance constraints 
to consider both the positive and negative impacts of 
environmental variables. This section presents the illustration 
of weather-based chance-constrained OPF study on a three-
bus network simulation model shown in Fig.1. In case 4.2, a 
direct comparison between weather-based and conventional 
method is also provided for evaluating the performance of the 
new DTR system. Thereafter, case 4.3 presents a detailed 
analysis on different probability level for the chance 
constraints in the weather-based OPF method. In this section, 
few initial assumptions for the network model are made as 
follows, 
a) The physical model for the thermal field of transmission 
line is simplified, and thus the surface temperature is 
equal to the core temperature of transmission line 
conductor. 
b) All the transmission line in the network model are 
operated with the DTR system 
c) The load profile has been accurately known or predicted, 
so that the load uncertainty is not included in this work. 
 
Fig. 2 Typical daily dynamic overloading percentage curve 
4.1 Dynamic Overloading rating 
As defined in section 3 and (19), the dynamic overloading 
rate is severed as the correction factor for the chance 
constraint of transmission capacity in the OPF analysis. The 
typical dynamic overloading rate is calculated by the real-
time environmental data under the sunny weather. Fig.2 
shows the typical daily curve of dynamic overloading 
percentage in 24 hours. From Fig.2, the average level of the 
acceptable temporary overloading ratio is around 10% in the 
real-time operation. As DTR reflects the variation of 
environmental coefficients, thus the overloading ratio 
dropped to valley value at noon with the rising solar radiance 
and environmental temperature, and it also reaches 20% 
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higher than the average level in winter because of the cold 
weather and short daylight time. 
4.2 STR & DTR chance-constrained analysis 
The interior point method is adopted to resolve the nonlinear 
optimization problem (7). As stated in section 3, the 
maximum power flow limitation in this study is based on the 
DTR system (i.e. dynamic overloading rating), and a standard 
STR-based OPF is also demonstrated as a base case to 
compare different influences with the DTR system. The 
constraint probability level is set as standard 90%, Fig.3 and 
Fig.4 show the optimization result of the power generation of 
G1 and G2, the power flow of branch 1-3 and branch 2-3 in 
24-hour daily operation, respectively. 
 
Fig.3 Power generation of G1 and G2 in 24 hours 
 
Fig.4 Power flow of branch 1-3 and 2-3 in 24 hours 
As shown in Fig.3 and Fig.4, the adoption of DTR method 
allows the power system has a significant improvement on 
the transmission performance during peak hour. One 
significant change is that the generation amount of G2 
reduces while the generation amount G1 increases. Because 
the improvement of transmission capacity allows the system 
to rely on the dispatch of cheaper generators G1. After the 
implementation of DTR, parts of transmission loading of 
branch 2-3 has been moved to branch 1-3, which means the 
DTR method also allows to the operator transmit more 
energy from bus 1 to bus 3 rather than pass through bus 2, 
and thus reduce the unnecessary transmission loss and cost in 
power supply process. As a result, the total generation cost is 
reduced. 
Concisely, it is demonstrated that the DTR method (i.e. heat-
based chance constraints and dynamic overloading rating) has 
the ability to effectively improve the operation performance 
of the network. In addition, it can also reduce investment and 
operation costs on transmission network for system operators.  
4.3 Probability levels analysis 
With the chance constraint restricting the maximum power 
flow between buses, this section demonstrates the sensitivity 
analysis for the new OPF method under different chance 
constraints probability levels at 80%, 85%, 90% and 95% 
respectively. 200 samples are adopted and optimized for each 
probability level to derive the cumulative distribution 
function (CDF) curve as shown in Fig.5, the optimized 
generation cost varies from approximately 有、£198 to £200 
and the weather-based optimization method performances 
similarly under different probability levels.  
 
Fig.5 CDF curves of the optimized generation cost 
5 Conclusion 
To improve the operation performance of energy hub with 
large-scale renewable energy, this paper applies the DTR 
methodology to exploit the positive impact of weather 
variable on transmission network. Based on heat balance 
equation, chance-constrained optimization is adopted to 
quantify the impact of uncertain weather variables on 
transmission components, and thereafter, the adoption of 
Cornish Fisher expansion further transfers the stochastic 
optimization problem into a deterministic question. As 
analysed in section 4, the adjustment of heat-based chance 
constraints and dynamic overloading percentage has 
improved the operation performance of the multi-energy hub 
system, it also maximumly exploits the potential line capacity 
compared with applying the conventional static thermal 
rating standard.  This paper shows the implementation of 
DTR can significantly reduce the operation cost of energy 
hubs, and also improve the utilization efficiency of the 
renewable generators. In addition, the typical curve of 
dynamic overloading percentage also shows the consistency 
weather variable and people lifestyle, such as sunset and peak 
demand period, cold weather and heating requirement, which 
further ensures the application of DTR system can bring 
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significant benefit to future renewable energy network. 
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